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Abstrat
Einstein- Shrödinger (ES) non-symmetri theory has been extended to aommodate
the Abelian and non-Abelian gauge theories of dyons in terms of the quaternion-otonion
metri realization. Corresponding ovariant derivatives for omplex, quaternion and oto-
nion spaes in internal gauge groups are shown to desribe the onsistent eld equations
and generalized Dira equation of dyons. It is also shown that quaternion and otonion rep-
resentations extend the so-alled unied theory of gravitation and eletromagnetism to the
Yang-Mill's elds leading to two SU(2) gauge theories of internal spaes due to the presene
of eletri and magneti harges on dyons.
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1 Introdution
Einstein- Shrödinger (ES) theory [1, 2℄, a generalization of general relativity, allows a non-
symmetri fundamental tensor and onnetion. It ontains a non symmetri metri whose real
symmetri part is desribed as general relativity while imaginary ( a skew symmetri) part was
taken by Einstein [1℄ as proportional to the eletromagneti tensor. Researh in this diretion
ultimately proved fruitless; the desired lassial unied eld theory was not found and the in-
terpretation of the skew symmetri part of the metri, as an eletromagneti eld tensor, has
been shown physially inorret [3℄. However, Moat [4℄ and others [5℄ showed that instead
of eletromagnetism the anti-symmetri part of the generalized metri tensor represents a kind
of non-symmetri gravitational eld whih is free from ghost poles, tahyons and higher-order
poles, and there are no problems with asymptoti boundary onditions. Einstein-Shrödinger
(ES) theory has also been modied and extended [6℄ to inlude a large osmologial onstant
(aused by zero-point utuations) and soures (spin-0 and spin- 12 ). In the weak eld ap-
proximation where interation between elds is not taken into aount, the resulting theory is
haraterized by a symmetri rank-2 tensor eld (gravity), an anti-symmetri tensor eld, and a
onstant haraterizing the mass of the antisymmetri tensor eld. The anti-symmetri tensor
eld is found to satisfy the equations of a Maxwell-Proa massive anti-symmetri tensor eld.
Furthermore, the theory permits one or more "running onstants": it allows the mass of the
anti-symmetri eld, the oupling onstant between the anti-symmetri eld and matter, and
the gravitational onstant to vary as funtions of spae and time oordinates. In other words,
non-symmetri gravitation theory (NGT) an be desribed as a theory that involves a symmet-
ri tensor eld (gravity), an anti-symmetri tensor eld, and one or more salar elds. On the
other hand, Borhsenius [7℄ developed a priniple of orrespondene and onstruted an unied
non-symmetri theory whih inludes gravity, eletromagnetism and Yang Mills eld theory. Un-
fortunately, none of the non-symmetri unied models survived as a plausible theory. Besides
the problem of spin-0and not the spin- 1ontent of the antisymmetri part of the metri, it was
shown by Damour et al [8℄ that the Einstein theory and those whih are based on the Einstein
Lagrangian, exhibit negative-energy (ghosts) radiative modes and aordingly the Borhsenius
[7℄ theory , whih inludes the Yang Mills eld in Bonor- Moat- Boal (BMB) [5℄ theory, has
the same problems. However, the inonsistenies and ure as well as problems and hopes have
always been hallenging issues [8, 9℄ in non-symmetri gravity theories and still the status of
ES or NGT is not lear. Moreover, Morques and Oliveira [10℄ has developed the quaternion-
otonion geometrial extension and interpretation of Einstein- Shrödinger (ES) non-symmetri
theory whih inludes onsistently [11℄ the Bonor- Moat- Boal (BMB) [5℄ and Borhsenius [7℄
theories. It is shown [10, 11℄ that the real algebra desribes general theory of relativity, the
omplex algebra gives the interpretation of Einstein- Shrödinger (ES) non-symmetri theory
and Borhsenius theory [7℄ is interpreted in terms of quaternions isomorphi to SU(2) group.
Similar work has been done by Ragusa [12℄ by enlarging NGT to inlude the Yang-Mills eld
theory and it is shown that the anti-symmetri part of the metri tensor ( 2 × 2 matrix), de-
sribes both types of eld equations namely the eletromagnetism and Yang-Mills eld in the
at spae linear approximation. Yet, the inonsistenies and ure as well as problems and hopes
have always been hallenging issues [12℄ in non-symmetri gravity theories . On the other hand,
despite of the potential importane of monopoles[13℄ and dyons [14℄, the formalism neessary to
desribe them has been lumsy and not manifestly ovariant [15, 6℄. So, a self onsistent and
manifestly ovariant theory of generalized eletromagneti elds of dyons (partile arrying ele-
tri and magneti harges) has been onstruted [17, 18, 19, 20℄ in terms of two four - potentials
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[21℄ to avoid the use of ontroversial string variables. The generalized harge, generalized four -
potential, generalized eld tensor, generalized eld vetor and generalized four - urrent density
assoiated with dyons have been desribed as omplex quantities with their real and imaginary
parts as eletri and magneti onstituents.
So, without going in to the ontroversies of ES or NGT theories, and keeping in mind
the potential importane of monopoles (or dyons), in the present paper, we have extended
the quaternion-otonion generalization of non-symmetri metri theory developed by Morques
et al [10, 11℄ to aommodate the Abelian and non-Abelian gauge theories of the generalized
elds of dyons (partiles arrying simultaneous eletri and magneti harges). We have applied
here the non-symmetri metri theory and the orresponding ane geometry for three dierent
spaes over the eld of omplex, quaternion and otonion hyper omplex number systems. It
has also been shown that the symmetri part of the unied metri theory is assoiated with
gravity while anti-symmetri part is desribed as the generalized eletromagneti eld tensor
of dyons. Extension of the metri by quaternioni tangent spae has been shown to desribe
the total urvature in terms of gravitation and eletromagnetism, along with the non-Abelian
Yang-Mill's eld ( internal quaternion urvature) while the further extension of the metri theory
to the ase of otonions leads the internal otonioni urvature whih gives rise to two dier-
ent Yang-Mill's gauge elds. So, the present theory desribes the ombined gauge strutures
GL(R)⊗U(1)e⊗U(1)m⊗SU(2)e⊗SU(2)m where GL(R) desribes Gravity, U(1)edemonstrates
the eletromagnetism due to the presene of eletri harge, U(1)m is responsible for the ele-
tromagnetism due to magneti monopole, SU(2)edemonstrates the Yang Mill's eld due to the
presene of eletri harge while SU(2)mgives rise the another Yang-Mills eld due to the presene
of magneti monopole. It has also been shown that this unied piture reprodues the Gravity,
eletromagnetism and theory of Yang-Mill's eld in the absene of magneti monopole. Aord-
ingly we have obtained the generalized Dira equation for dyons from the ovariant derivatives
in terms of omplex, quaternioni and otonioni tangent spaes.
2 Quaternion-Otonion Generalization of Non-Symmetri
Metri
The real formulation of non-symmetri theory is expressed [10, 11℄ in terms of the real tensor
gµν as,
gµν = hµν + kµν (1)
and its onjugate is aordingly given by
gµν = hµν − kµν = hµν + kµν = gνµ (2)
So, in Non-Riemannian spae - time, ES non - symmetri theory is desribed in terms of an n−
dimensional internal spae and thus the line element on the urved spae-time is written [10, 11℄
as
ds2 =
1
n
Tr(Gµνdx
µdxν) (3)
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where
Gµν = (G
a
µνb(x)), ∀a, b = 1, 2...n. (4)
is a matrix of internal spae suh that
(
1
n
)TrGµν = gµν . (5)
Here gµν is the metri of the ES asymmetri theory and Tr is ating on internal matries. We
have
G†µν = Gνµ (6)
where the (†) operation is used for the Hermitian onjugate. Here Gµν is an objet with two
matrix indexes a and b in internal spae supposedly restrited to the internal spae of 2 × 2
unitary matries of SU(2) symmetry group. So, eah objet in this spae may then be written
as a linear ombination of four linearly independent matries τµ , (µ = 0, 1, 2, 3), where τ0 = 0
and τ
†
j = τj (j = 1, 2, 3). Hene the metri (4) may now be written as
Gµν = gµντ0 + fµνiτi (7)
with
gµν = gµν + iFµν , (8)
where Fµν is the Maxwell's tensor , fµνi represents the Yang-Mills eld strength and for brevity,
we have set all the oeients (or onstants) as unity. The internal ovariant derivative of a
vetor (or a spinor in spin spae) ψa = ψa(x), ∀ a = 1, 2, is dened as
ψa||µ = ψ
a
,µ + Γ
a
µbψ
b. (9)
Here the anity Γµ = (Γ
a
µb(x)) is the objet whih makes ψ
a
,µ to transform like a vetor under
transformations in the internal spae. Γµan be related with the gauge potential as
Γµ = iCµ.τ (10)
and obeys the following internal transformations law as
Γ
′
µ = U(x)ΓµU
−1(x)− ∂U(x)
∂xµ
U−1(x) (11)
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where U(x) is dened in terms of the internal transformation matries of loal SU(2) gauge
group. In the urved spae-time Γµ , transforms like a vetor. Thus the internal urvature is
dened as
ψa||µν − ψa||νµ = P aµνbψb. (12)
Here P aµνb is the urvature in the internal spae, i.e.
Pµν = Γµ,ν − Γν,µ − [Γµ,Γν ] (13)
Pµν = −Pνµ (14)
In ase of omplex tangent spae, the U(x) internal transformation matrix is desribed by the
matries of the internal gauge group U(1). Hene the transformation laws of an objet in the
omplex C - spae, K may be written as,
K ′ = U(1)K (15)
where U(1) stands for a unitary 1× 1 (loal) transformation matrix, U(1) = eiφ(x), and
K
′
= U(1)K (16)
where U(1) = U−1(1) = e−iφ(x) . Aordingly, the internal onnetion Cν is transformed as
C ′ν = U(1)CνU
−1(1)− U,ν(1)U−1(1) (17)
It should be noted that the onnetion Cν transforms as a vetor under spae - time transfor-
mations. In a partiular ase where the internal transformations are represented by the matries
U(1) = 1 + iφ, the onnetion Cν transforms in rst order as,
C′ν = Cν + iφ,ν (18)
whih follows the gauge transformation law for an eletromagneti potential.
In the Borhsenius theory [7℄ , the vetor spae is desribed in terms of Pauli matries whih
an be reinterpreted as quaternions [10, 11℄ to desribe quaternion tangent spae. In this ase,
we take ej = i
−1σj , ∀ j = 1, 2, 3; i =
√−1; σi are Pauli matries and ej are quaternion basis
elements satisfying the following multipliation relation
ej ek = −δjke0 + εjklek (19)
where e0 is the unit element of the quaternion algebra i.e. e0 = σ0 and δjkis the Kroneker
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delta symbol. So, the metri in quaternioni spae - time undergoes with the symmetry property
given by equation (6) where the Hermitian onjugation operation is arried out in terms of the
quaternioni internal spae or Q− spae and Γν = −Caν ea is the anity in the quaternioni
internal spae and transforms under the transformation laws given by equation (11). Sine,
quaternion basis elements are isomorphi to the algebra of Pauli spin matries, we may obtain
other results given by equations (12, 13) and (14) in quaternion tangent spae.
For otonion tangent spae, we use the split otonion O algebras where an otonion P is
written [22, 23, 24℄ in the split O algebra as,
P = au⋆0 + bu0 − nku⋆k +mkuk ∀ k = 1, 2, 3 (20)
where u⋆0, u0, uk, u
⋆
k (∀k = 1, 2, 3) are the the split O basis elements [10, 11, 22, 23, 24℄ dened
as
u0 =
1
2
(e0 + ie7); u
⋆
0 =
1
2
(e0 − ie7);
uk =
1
2
(ek + iek+3); u
⋆
k =
1
2
(ek − iek+3). (21)
Here the set of otets e0,e1, e2, e3, e4, e5, e6, e7are known as the otonion units satisfying the
following multipliation rule
e20 = e0 = 1; e0eA = eAe0 = eA; eAeB = −δABe0 + fABCeC (∀A,B,C = 1, 2....6, 7); (22)
where the struture onstants fABC is ompletely antisymmetri and takes the value 1 for follow-
ing ombinations
fABC = 1 ∀(ABC) = (123); (471); (257); (165); (624); (543); (736). (23)
So, an split otonion P given by equation (20) is now be written [10, 11, 22, 23, 24℄, in terms of
2× 2 Zorn's vetor matrix realizations as .
P ∼= Z(P ) =
(
a −−→n
−→m b
)
. (24)
We may also express split otonion algebra in terms of Pauli matries whih are related with the
quaternion basis elements given by equation (19). So, we dene the following 2× 2 Zorn's vetor
matrix realizations of split otonion basis elements u⋆0, u0, uk, u
⋆
k (∀k = 1, 2, 3) i.e.
Z(u⋆0) =
(
1.e0 02
02 02
)
; Z(u0) =
(
02 02
02 1.e0
)
,
Z(u⋆k) =
(
02 −1.ek
02 02
)
; Z(uk) =
(
02 02
1.ek 02
)
. (25)
The otonion onjugation of P is now dened as
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P = bu⋆0 + au0 + nku
⋆
k −mku⋆k (∀k = 1, 2, 3) (26)
and a Hermitian onjugate of P is expressed as
P † = (P )⋆ = b⋆u⋆0 + a
⋆u0 + n
⋆
ku
⋆
k −m⋆kuk (∀k = 1, 2, 3). (27)
As suh , we may reformulate equation (4) as the O metri with its split form [10, 11℄ as
Gµν(x) =
(
s0µνe0 −skµνeκ
rkµνeκ r
0
µνe0
)
= Gµν(s, r). (28)
Here r0µν = s
0
µν = g(µν)+ iF[µν]; g(µν) is identied as the symmetri metri (gravity-expressed in
terms of algebra of real numbersGL(R)) and F[µν] is the Maxwell U(1) valued eletromagneti
eld strength, while rkµνand s
k
µν are SU(2) valued eld strengths of two Yang-Mills ( non-Abelian
gauge) elds. So, we get the following symmetry property
G†µν(s, r) = Gνµ(s, r). (29)
and
Gµα(s, r)G
µν (s, r) = Gνµ(s, r)Gαµ(s, r) = δ
ν
α(u0 + u
∗
0). (30)
Here we agree with the statement of Castro [24℄ that the most salient feature of the split otonion
metri Gµνgiven by equation (28) is that it inludes the ordinary spae time metri gµν , in
addition to eletromagnetism and Yang Mills elds. Hene it automatially justies the Kaluza-
Klein theory without introduing extra spae-time dimensions. The line element in the O spae
- time is thus dened by
ds2 =
1
4
Tr(dxµdxνGµν) (31)
while the anity Γν given by equation (9) is expressed in the internal otonioni spae as
Γν =
(
02 −Lν .e
Kν .e 02
)
(32)
where {Lν} and {Kν} are two real four- potentials (gauge onnetions) analogous to {Cµ} given
by equation (10) and disussed above for the quaternioni ase. Like equation (13), the otonion
urvature Sνγ may then be written as
Saνγc = S
a
νγc(u0 + u
∗
0) + δ
a
cPνγ (33)
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3 Non-Symmetri Metri and Dyoni Fields
Let us extend the Einstein-Shrödinger non -symmetrial metri in terms of three dierent tan-
gent spaes namely omplex, quaternioni and otonioni ases assoiated with the generalized
elds of dyons.
3.1 Complex Case
In the omplex tangent spae ase, the non-symmetri metri gµν given by equation (1) is rewrit-
ten as
gµν = gµν + ikµν . (34)
where we represent F[µν] = kµν as the anti - symmetri tensor omprising eletromagneti eld
assoiated with dyons in the following manner
kµν → (Fµν + iF dµν) (35)
where {Fµν} and
{
F dµν
}
are desribed as generalized eletromagneti and dual eletromagneti
elds of dyons [17, 18, 22℄. So this extension aommodates both types of non-symmetri metris
real as well as omplex where one of the Maxwell eld is always real. Thus for the dyoni ase,
we may identify the internal onnetion (i.e. Cν) as the generalized eletromagneti potential
{Vµ} of dyons [17, 18, 22℄ desribed as ;
{Vµ} = {Aµ} − i {Bµ} . (36)
Hene, in omplex ase , non - symmetri metri (35) is assoiated with our generalized eletro-
magneti eld tensor of dyons [17, 18, 22℄ (i.e. the matrix of the internal spae for dyoni elds)
as
Gµν = Fµν − iF dµν ,
G⋆µν = Fµν + iF
d
µν (37)
where (⋆) denotes the omplex onjugation. Hene, replaing the gauge onnetion {Cv} by our
generalized four potential {Vν}, we get,
Gµν = Vµ,ν − Vν,µ,
G⋆µν = V
⋆
µ,ν − V ⋆ν,µ. (38)
As suh, orrespondingly, we have the following eld equations ,
Gµν,ν = Jµ,
G⋆µν,ν = J
⋆
µ (39)
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where {Jµ} represents the generalized urrent for the dyoni elds given by {Jµ} =
{
jeµ
}−i {jmµ }
with
{
jeµ
}
and
{
jmµ
}
are desribed as the four urrents respetively assoiated with eletri and
magneti harges. Equation (37) gives the following deompositions of eletri and magneti
eld strengths of dyons i.e.
Fµν =
1
2
(Gµν +G
⋆
µν),
F dµν = −
1
2i
(Gµν −G⋆µν). (40)
Thus we obtain the following deoupled Generalized Dira-Maxwell's (GDM) equations of dyons
in terms of eletri and magneti four urrents as
Fµν,ν =
1
2
(Gµν,ν +G
⋆
µν,ν) =
1
2
(Jµ + J
⋆
µ) = j
e
µ,
F dµν,ν = −
1
2i
(Gµν,ν −G⋆µν,ν) =
1
2
(Jµ − J⋆µ) = jmµ (41)
Here dyons are onsidered as the point partile arrying simultaneous existene of eletri and
magneti harges in terms of two Abelian U(1) gauge strutures. Now replaing internal on-
netion {Cµ} by generalized potential {Vµ}, we may apply the following internal transformation
law (22,23) as
Vµ → ΩV ⋆µΩ−1 − (∂µΩ)Ω−1 (42)
and the orresponding equation (18) for the dyoni eld is then expressed as
Vµ → Vµ + iφ,µ (43)
whih is the gauge transformation for the generalized eletromagneti potential of dyons. Simi-
larly we may write
V ⋆µ → ΩV ⋆µΩ−1 − (∂µΩ)Ω−1
→ V ⋆µ +iφ⋆,µ (44)
and onsequently we get the following deoupled eletri and magneti U(1) gauge onnetions
Aµ =
1
2
(Vµ + V
⋆
µ ),
Bµ =
i
2
(Vµ − V ⋆µ ). (45)
Here Aµ and Bµ represent the eletri and magneti four - potential of dyoni elds and are the
out omes of the non-symmetri metri in the omplex tangent spae. As suh we may write the
ovariant derivative Dµ as
9
Dµ → ∂µ + iVµ,
Dν → ∂ν + iVν (46)
and therefore
[Dµ, Dν ] = DµDν −DνDµ = Gµν (47)
whih satises the generalized Maxwell's - Dira equation for dyoni elds given equation 39. As
suh, without disturbing the real part of the non symmetri ES metri ( taking it as gravity ) we
have suessfully extended its imaginary part orresponding to the generalized elds of dyons in
order to reformulate the self-onsistent and manifestly ovariant theory of dyons.
3.2 Quaternion Case
In order to develop unied quaternioni non - symmetri metri theory , we use the bi -
quaternioni formulation of dyons desribed earlier ( Shalini Bisht et al [20℄ ) instead of using the
metri of the real quaternioni tangent spae sine bi -quaternions work over the led of omplex
numbers like ordinary quaternions do with real numbers. So, the metri given equations (7,8) is
now written as
Gµν = G
0
µνe0 +G
j
µνej (48)
and
G0µν = gµν ⇒ gµν + ikµν ⇒ gµν + i (Fµν − iF dµν);
Gjµν ⇒ fµνj = feµνj − ifmµνj (49)
where supersript (e) and (m) are used for eletri and magneti ounter parts of dyons. A-
ordingly, we may use the properties of quaternion metri, internal ovariant derivative, the
transformation law, urvature et. for the quaternioni spae-time given by equations (9) to
(14).
Let us now dene the the ovariant derivative [18℄ in quaternioni non - symmetri metri
theory of dyoni elds as
Dµ → ∂µ + Vµe0 + V aµ ea,
Dν → ∂ν + Vνe0 + V aν ea (a = 1, 2, 3) (50)
whih gives the omplex Abelian and non-Abelian U(1) × SU(2) gauge struture. The seond
term in the right hand side of equation (50) represents the eletromagneti U(1) part while the
third term represents the non - Abelian SU(2) part of Yang - Mill's eld spanned in the term of
quaternion basis elements. Then we get
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[Dµ, Dν ]ψ = (DµDν −DνDµ)ψ = (Gµνe0 +Gaµνea)ψ (51)
whih desribes U(1) × SU(2) gauge eld strengths for generalized elds of dyons. In equation
(51) we have
Gµν = ∂µVν − ∂νVµ, Gaµν = ∂µV aν − ∂νV aµ (52)
and subsequently we get the following eld equations
Gµν,ν = DνGµν = jµ; G
a
µν,ν = DνG
a
µν = j
a
µ; (53)
where jµ and j
a
µ are the generalized urrent orresponding to the eletromagneti part U(1) and
non - Abelian part SU(2) respetively for the dyoni elds. So, we get the following ontinuity
equation for generalized elds of dyons as
∂µJµ = 0, (54)
but for non-Abelian gauge elds, we get
∂µJaµ 6= 0; DµJµ = 0 (55)
where
Jµ = Jµe0 + J
a
µea (56)
whih is the U(1) × SU(2) gauge struture of the generalized urrent assoiated with dyons
onsisting point like U(1) gauge struture of Abelian four urrent {Jµ} followed by SU(2) like
extended Yang - Mill's gauge struture
{
Jaµ
}
as the non - Abelian gauge urrent.
3.3 Otonion Case
Otonioni tangent spae has been dened in terms of its split basis. Its metri is also dened in
split form by equations (28,29) while line element in the O spae - time is expressed by equations
(31) and other properties are given by equations (32-33). Otonioni gauge formulation of dyoni
elds has also been disussed by us ( Shalini Dangwal et al [22℄ ). As suh, we may straight
forwardly write the ovariant derivative for the dyoni elds in split otonion form as,
Dµ →
(
∂µ + Vµ −V aµ ea
V a∗µ ea ∂µ + V
a
µ
)
; Dν →
(
∂ν + Vν −V aν ea
V a∗ν ea ∂ν + V
a
ν
)
. (57)
Then we get
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[Dµ, Dν] =
(
Fµν −−−→F aµν .−→ea−→
faµν .
−→ea fµν
)
= Gµν (58)
where
Fµν = ∂µVν − ∂νVµ,
F aµν = ∂µV
a
ν − ∂νV aµ + iεabcV bµV cν ,
fµν = ∂µV
⋆
ν − ∂νV ⋆µ ,
faµν = ∂µV
a⋆
ν − ∂νV a⋆µ + iεabcV b⋆µ V c⋆ν . (59)
Therefore we may obtain the following split form of eld equation as
DµGµν =
(
jν −jaν ea
kaνea kν
)
= Jν (60)
and the U(1)× SU(2)form of generalized ontinuity equation as
DνJν = 0. (61)
as suh, the otonion extension of unied non-symmetri metri for the ase of dyons is desribed
in terms two U(1) Abelian ( eletromagneti) and two SU(2) non Abelian ( Yang-Mills eld).
Thus for the ase of quaternions and otonions we need not to dene the Yang Mills eld by hand.
The dierene between bi -quaternion and otonion formulations is that bi-quaternions are non-
ommutative but assoiative while the otonions are neither ommutative nor assoiative and in
split basis the role of assoiativity is played by the alternativity. Otonion has the advantage to
work in higher dimensional spae time. We may now disuss the deomposition of theories in
terms of eletri and magneti harges in the following manner.
3.3.1 (Eletri Case)
In this partiular ase (eletri ase) if we put that Vµ = V
⋆
µ i.e. Aµ− iBµ = Aµ+ iBµ⇒ Bµ = 0
or giving rise to Vµ = Aµ. Hene we get the following split otonion representation of ovariant
derivative in the absene of magneti monopole i.e.
Dµ →
(
∂µ +Aµ −Aaµea
Aaµea ∂µ +Aµ
)
; Dν →
(
∂ν +Aν −Aaνea
Aaνea ∂ν +Aν
)
(62)
and then we get
[Dµ, Dν ] =
(
Fµν −−−→F aµν .−→ea−→
faµν .
−→ea fµν
)
= Eµν . (63)
Consequently
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DµEµν =
(
jν −jaν ea
jaν ea jν
)
= Jν (64)
whih is the split otonion form of generalized U(1)× SU(2) eld equation where the diagonal
elements represent the Maxwell's equation while the o diagonal elements desribe the Yang
Mills gauge elds in absene of magneti monopole.
3.3.2 (Magneti Case)
In this partiular ase (eletri ase) if we put that Vµ = −V ∗µ i.e. Aµ − iBµ = −Aµ − iBµ⇒
Aµ = 0⇒Vµ = −iBµ and hene V ⋆µ = iBµ. Therefore , have
Dµ →
(
∂µ − iBµ iBaµea
iBaµea ∂µ + iBµ
)
,
Dν →
(
∂ν − iBν iBaνea
iBaνea ∂ν + iBν
)
. (65)
and
[Dµ, Dν ] =
(
Fµν −−−→F aµν .−→ea−→
faµν .
−→ea fµν
)
= Hµν . (66)
and
DµHµν =
(
kν −kaνea
kaνea kν
)
= Kν (67)
whih is the split otonioni form of generalized U(1)×SU(2) eld equations where the diagonal
elements represent the dual Maxwell equation i.e for pure magneti monopole and o diagonal
elements desribe the Yang Mills gauge elds in in the absene of eletri harge.
4 Generalized Dira Equations for Dyons
We may now adopt the fore going analysis to obtain the Dira equation for dyons on using the
ES non - symmetri theory. The simplest free partile Dira equation is given by
(γµ∂µ + κ)ψ = 0. (68)
and to write the interating form of Dira equation one has to replae the partial derivative
∂µ by ovariant derivative Dµ. So, we follow the same proess and write the generalized Dira
equation for partiles arrying eletri and magneti harges (i.e. dyons). Replaing the partial
derivative ∂µ by ovariant derivative Dµ, we may write following form of equation of a Dira
partile in generalized eletromagneti elds of dyons as
13
(γµDµ + κ)ψ = 0 (69)
where we have used the natural units of c = ~ = 1 and Dµis ovariant derivative in omplex,
quaternion and otonion tangent spaes of Einstein-Shrödinger non-symmetri theory. For
omplex ase the ovariant derivative is illustrated as
Dµ → ∂µ + iq⋆Vµ (70)
where
q⋆Vµ → eAµ + gBµ. (71)
Thus the Dira equation is
{γµ(∂µ − ieAµ − igBµ) + κ}ψ = 0
or
{γµDµ + κ}ψ = 0 (72)
whih is invariant under gauge transformation as well. For quaternion ase, we may write the
ovariant derivative as
Dµ → ∂µ − i(q⋆Vµ)e0 − (q⋆aV aµ )ea (73)
where
q⋆Vµ → eAµ + gBµ; q⋆aV aµ → εAaµ + ε′Baµ (74)
where ε and ε′ are the Yang - Mill's oupling onstants assoiated with the isotropi oupling
parameters of eletri and magneti harges respetively. Similarly the Dira equation for gener-
alized elds of dyons in otonioni tangent spae is desribed by equation (69) where the ovariant
derivative is given in the split otonion form as
Dµ →
(
∂µ + q
∗Vµ −qV aµ ea
qV ∗aµ ea ∂µ + qV
∗
µ
)
(75)
whih is double fold struture of quaternioni tangent spae and is desribed in terms of Zorn's
vetor matrix realization of split otonion basis elements.
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5 Disussion and Conlusion
It is note worthy to inlude here, a motivation for the use of split otonion algebra instead
of real otonion beause the split otonion have the advantages to work in terms of matrix
realizations while the due to non assoiativity of real otonions, it is impossible to write their
orrespondene with the matrix realizations. Seondly, the real otonion forms a metri in
eight dimensional struture while the split otonion has the two (4, 4) (four fold ) degeneray
in omplex spae time and has the diret orrespondene with the bi-quaternions. We may also
develop a similar theory using the real otonion but in that ase it will hard to give the four
dimensional orrespondene. So, this is why the quaternion-otonions play an important role in
order to understand the physial theories of higher dimensional supersymmetry and super gravity
et. As we have mentioned that the otonions onsist seven imaginary units resulting to seven
permutations of SU(2) Yang - Mill's elds. So we have the sope to enlarge the metri without
putting the additional struture of spae -time by hand and aordingly there is a possibility
to dene ovariant derivative of a vetor obtained in terms of otonioni vetor potential and
the otonion urvature. The automorphism group of otonion algebra is the 14− dimensional
G2 group [23, 24℄ whih admits a SU(3) sub-group and leaves the idempotent u0and u
⋆
0of split
otonion algebra as invariant. We have established the onnetion between real and split basis
of otonions and aordingly developed our present formulation. Due to the lak of assoiativity
in otonion representation we have desribed otonion basis elements in terms of Zorn's vetor
matrix realizations where otonions are represented as the double fold degeneray in terms of
quaternion variables to maintain the onsisteny in our theory of dyoni elds. Equation (34)
represents the non - symmetri metri in the omplex tangent spae for dyoni elds, where
kµν is the anti - symmetri tensor assoiated with the generalized elds of dyons. Beause
the antisymmetri part has been desribed as further omplex quantity our theory removes the
onits that Maxwell tensor is real or imaginary and leaves all other good points of ES or NGT
metri untouhed. The Dyon eld tensor is expressed by equations (35) and (36) in terms of
eletromagneti eld strengths assoiated with eletri and magneti soures. In this theory we
have replaed the internal transformation Cν by generalized gauge potential Vν of dyons. It has
been shown that the anti - symmetri part of the metri leads to generalized eld equations of
dyons disussed by equation (39). Aordingly, we have obtained the eletri and magneti eld
tensors from the generalized one for dyons as disussed by equation (40). Consequently, equation
(41) desribes the eletri and magneti four - urrents obtained from the orresponding eld
tensors of dyons whih are onsidered as the partiles arrying simultaneous existene of eletri
and magneti harges. Equations (42) to (44) are the unitary internal transformations for the
dyoni gauge potential. Equation (46) represents the ovariant derivative in the omplex tangent
spae for dyoni elds, with the help of whih we have obtained equations (47) and (48), whih
in fat represent the dierential forms of generalized Maxwell's - Dira equation for dyoni elds.
Equation (49) expresses the ovariant derivative for dyoni elds in the quaternioni tangent
spae of the non-symmetri theory in whih the seond term represents the eletromagneti part
while the third term represents the non - Abelian part of Yang - Mill's eld in terms of quaternion
basis vetors. Also with the help of equation (49) we have obtained equation (50), whih desribes
U(1) × SU(2) gauge struture of generalized quaternion tangent spae. In equation (50) Gµν
and Gaµν are the gauge eld strengths of Abelian and non - Abelian elds of dyons. In equation
(52) Jµ and J
a
µ are generalized urrents orresponding to the eletromagneti U(1) part and
non-Abelian SU(2) part respetively for dyoni elds. Equations (53) and (54) represent the
ontinuity equation where Jµ is expressed by equation (55) whih in fat is the U(1) × SU(2)
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gauge struture of generalized urrent assoiated with dyons onsisting point like eletromagneti
U(1) gauge struture having the four urrent Jµ followed by SU(2) like extended Yang - Mill's
gauge struture with non Abelian nature four urrent Jaµ . Equation (56) represents the split
otonion derivative for dyoni elds in non - symmetri theory, whih in fat is the double fold
realization of quaternion derivative. With the help of equation (56) we have obtained equations
(57,58) and equation (59), respetively denes the double fold U(1) × SU(2) gauge strutures
of quaternion tangent spae and generalized Dira-Maxwell's equation for dyoni elds. Also
equation (60) represents the ontinuity equation for dyoni elds in otonioni tangent spae. It
has been shown that the theory of dynamis of eletri and magneti harges is reprodued from
the generalized theory of dyons using omplex, quaternion and otonion tangent spaes. Equation
(68) illustrates the ovariant derivative for generalized elds of dyons in the omplex tangent
spae of Einstein - Shrödinger non - symmetri theory, where q⋆Vµ is represented by equation
(69). Consequently equation (70) is the Dira equation for generalized elds of dyons in omplex
tangent spae, whih is invariant under gauge transformation and Lorentz transformation as well.
Equation (71) represents the ovariant derivative in quaternioni tangent spae. In equation
(72) e and g are eletri and magneti harges of dyons and ε and ε′ are Yang - Mill's oupling
onstants assoiated with the isotopi spin oupling parameters due to the presene of eletri and
magneti harges respetively. Thus equation (73) represents the Dira equation for generalized
elds of dyons in quaternioni spae of ES non - symmetri theory. Similarly equations (69)
represents the Dira equation for generalized elds of dyons in otonion tangent spae if Dµ is
desribed in its split otonion form given by equation (74). Here we see that the Dira equation
in the otonion tangent spae is the doubly fold struture of quaternioni tangent spae and is
desribed in terms of Zorn's vetor matrix realization of split otonion basis elements. As suh,
the fore going analysis desribe the further extension of ES non symmetri metris suessfully
and onsistently in terms of three hyper omplex number system namely omplex, quaternion
and otonion without imposing extra onstrains. So, in nutshell, the present theory desribes the
ombined gauge strutures GL(R)⊗U(1)e⊗U(1)m⊗SU(2)e⊗SU(2)m where GL(R) desribes
Gravity, U(1)edemonstrates the eletromagnetism due to the presene of eletri harge, U(1)m
is responsible for the eletromagnetism due to magneti monopole, SU(2)edemonstrates the
Yang Mill's eld due to the presene of eletri harge while SU(2)mgives rise the another Yang-
Mills eld due to the presene of magneti monopole. It has also been shown that this unied
piture reprodues the Gravity, eletromagnetism and theory of Yang-Mill's eld in the absene
of magneti monopole. Aordingly we have obtained the generalized Dira equation for dyons
from the ovariant derivatives in terms of omplex, quaternioni and otonioni tangent spaes.
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